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Abstract 
The (1,0) (0,1)⊕  representation of the group SL(2, C) provides a six-component 
spinor equivalent to the electromagnetic field tensor. By means of the (1,0) (0,1)⊕  
description, one can treat the photon field in curved spacetime via spin connection and the 
tetrad formalism, which is of great advantage to study the gravitational spin-orbit coupling 
of photons. Once the gravitational spin-orbit coupling is taken into account, the traditional 
radius of the circular photon orbit in the Schwarzschild geometry should be replaced with 
two different radiuses corresponding to the photons with the helicities of 1± , respectively. 
Owing to the splitting of energy levels induced by the spin-orbit coupling, photons (from 
Hawking radiations, say) escaping from a Schwarzschild black hole are partially polarized, 
provided that their initial velocities possess nonzero tangential components. 
PACS numbers: 04.62.+v, 04.70.Dy , 41.20.Jb  
1. Introduction 
As we know, spatio-temporal tensors are associated with the Lorentz group, while 
spinors are associated with its covering group SL(2, C), where the group SL(2, C) yields all 
representations, including those with half-integral spins, whereas the Lorentz group yields 
only the representations with integral spins. Therefore, spinors can be used to describe 
particles of any spin, whereas tensors can describe only the particles with integer spins. As a 
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consequence, one can associate every tensor with a spinor, but not vice versa: not all spinors 
correspond to tensors [1]. In this paper, the (1,0) (0,1)⊕  representation of SL(2, C) 
provides a six-component spinor equivalent to the electromagnetic field tensor. Historically, 
several formalisms have been used for fields of any spin s, where the 2(2s +1) formalism 
gives the equations which are in some sense on an equal footing with the Dirac equation [2, 
3]. Likewise, one can apply the (1,0) (0,1)⊕  description to reformulating Maxwell 
equations as the so-called Dirac-like equation [4-6].  
According to the traditional theory, the circular photon orbit in the Schwarzschild 
geometry is unstable [7]. In this paper, by means of the (1,0) (0,1)⊕  description, we will 
analyze the effect of the gravitational spin-orbit coupling on such an orbit. The instability of 
this orbit does not affect our work, because a temporary circular orbit is enough for us. 
There are three main reasons to make our work be based on the (1,0) (0,1)⊕  description:  
1). As we know, the simplest covariant massless field for helicity 1±  has the Lorentz 
transformation type (1,0) (0,1)⊕ , and it is impossible to construct a vector field for 
massless particles of helicity 1±  [2, 3]. This implies that it is advantageous to study the 
spin-orbit interaction of the photon field based on the (1,0) (0,1)⊕  description. 
2). In Ref. [1] all spinors equivalent to tensors are taken as two-component forms, they 
are too complicated and abstract to be applicable for some practical issues. In our case, the 
(1,0) (0,1)⊕  spinor equivalent to the electromagnetic field tensor is a six-component form. 
Our formalism is more convenient and straightforward, based on which our theory can be 
developed in a manner being closely parallel to that of the ( ,0 )1 2 ) (0,1 2⊕  Dirac field. 
3). By means of the (1,0) (0,1)⊕  description, one can treat the photon field in curved 
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spacetime via spin connection and the tetrad formalism, which is of great advantage to 
study the gravitational spin-orbit coupling of photons.  
This paper is organized as follows. In Section 2 we present an overview of the 
(1,0) (0,1)⊕  description. Applying the (1,0) (0,1)⊕  description, in Section 3 we present a 
self-contained argument about how to treat the photon field in curved spacetime by means 
of spin connection and the tetrad formalism. Based on the results obtained in Section 3, we 
study the effect of gravitational spin-orbit coupling on the circular photon orbit in the 
Schwarzschild geometry. 
We work in geometrized units, 1c G= = = , the metric signature is ( , , , )− + + + , and 
then the four-dimensional (4D) Minkowski metric tensor is denoted by diag( 1,1,1,1)abη = −  
( , 0,1, 2,3a b = ). Complex conjugation is denoted by ∗  and hermitian conjugation by † .  
2. The base formalism of the (1,0) (0,1)⊕  description  
Let xµµ∂ = ∂ ∂  with ( , )x t
µ = x , 1 2 3( , , )∇ = ∂ ∂ ∂ , 0t t∂ = ∂ = ∂ ∂ . In Minkowski 
vacuum, the electromagnetic field intensities 1 2 3( , , )E E E=E  and 1 2 3( , , )H H H=H  
satisfy the Maxwell equations  
t∇× = ∂ ∂H E , t= − ∂∇ ∂×E H ,            (1) 
0∇⋅ =E , 0∇⋅ =H .                    (2) 
In what follows, the column-matrix forms of the vectors E  and H  are also denoted as 
E  and H , i.e., ( )T1 2 3E E E=E , ( )
T
1 2 3H H H=H  (the superscript T denotes 
the matrix transpose, the same below). One can show that the dynamical equations (Eq. (1)) 
actually contain the transversality conditions (Eq. (2)). In view of the fact that one can 
associate every tensor with a spinor (but not vice versa), let us define a six-component 
spinor ψ  in terms of the electromagnetic field tensor, where the spinor ψ  corresponds to 
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the (1,0) (0,1)⊕  representation of SL(2, C) (we will further discuss it later). In terms of 
the spinor ψ  one can rewrite Eq. (1) as the so-called Dirac-like equation,  
i ( ) 0xµ µβ ψ∂ = , or ˆi ( ) ( )t x H xψ ψ∂ = ,                (3) 
where 0( , )µβ β= β , 0β=α β , ˆ iH = − ⋅∇α  represents the Hamiltonian of photons in 
Minkowski vacuum, and, in the standard representation of the spinor ψ , one has 
1
i2
ψ
 
=  
 
E
H
, 3 30
3 3
0
0
I
I
β ×
×
 
=  − 
, 
0
0
 
=  − 
τ
β
τ
, 0
0
0
β
 
= =  
 
τ
α β
τ
,   (4) 
where n nI ×  denotes the n n×  unit matrix ( 2,3,...n = ), and the matrix vector 
1 2 3( , , )τ τ τ=τ  consists of three components: 
1
0 0 0
0 0 i
0 i 0
τ
 
 = − 
 
 
, 2
0 0 i
0 0 0
i 0 0
τ
 
 =  
 − 
, 3
0 i 0
i 0 0
0 0 0
τ
− 
 =  
 
 
.          (5) 
Let ˆ ( i )= × − ∇L x , one can easily prove ˆ ˆ[ , ] 0H + =L Σ , where 2 2I ×= ⊗Σ τ  satisfying 
6 62I ×⋅ =Σ Σ  is the 3D spin matrix of the photon field in the (1,0) (0,1)⊕  description. In 
addition to the standard representation mentioned above, one can also define the chiral 
representation of the spinor ψ via the unitary transformations of C Uψ ψ=  and 
1
C U U
µ µβ β −=  (and so on), where the subscript C denotes the chiral representation, and the 
unitary matrix U  satisfies  
3 3 3 3† 1
3 3 3 3
1
2
I I
U U U
I I
× ×−
× ×
 
= = =  − 
.                  (6) 
It is easy to show that C =Σ Σ , 
0
C C Cβ=α β , and  
C
i1
i2
ψ
+ 
=  − 
E H
E H
, 3 30C
3 3
0
0
I
I
β ×
×
 
=  
 
, C
0
0
− 
=  
 
τ
β
τ
, C
0
0
 
=  − 
τ
α
τ
.     (7) 
In fact, the chiral and standard representations of the (1,0) (0,1)⊕  field (satisfying the 
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Dirac-like equation) are respectively analogous to the chiral and standard representations of 
the ( ,0 )1 2 ) (0,1 2⊕  field (satisfying the Dirac equation) [7], but for the Pauli matrix 
vector 1 2 3( , , )σ σ σ=σ  being replaced with the matrix vector 1 2 3( , , )τ τ τ=τ . Moreover, let 
†ψ  denote the Hermitian adjoint of ψ  and † 0ψ ψ β= , one can show that the quantity 
ψψ  is a Lorentz scalar, while †ψ ψ  corresponds to the energy density of the photon field, 
these properties are also similar to those of the Dirac field. The quantization theory of the 
photon field can easily be developed by means of the (1,0) (0,1)⊕  description. 
   More generally, under a Lorentz transformation parametrized by an antisymmetric 
tensor µν νµω ω= − , x x Λ xµ µ µ νν′→ = , a field quantity ϕ  is called a spinor provided that 
it transforms in the following manner: 
( ) ( ) exp( i 2) ( ) ( ) ( )x x S x L Λ xµν µνϕ ϕ ω ϕ ϕ′ ′→ = − = ,             (8) 
where ( ) exp( i 2)L Λ Sµν µνω= −  is called the spinor representation of the Lorentz 
transformation Λ  (i.e., the representation of SL(2, C)), and the antisymmetric tensor 
S Sµν νµ= −  is the 4D spin tensor of the field ϕ . In our case, the six-component spinor 
ϕ ψ=  corresponds to the (1,0) (0,1)⊕  representation of SL(2, C), and  
n
lm lmnS Σε= , 0 il lS α= − , , , 1, 2,3k l m = ,                (9) 
where the matrices lΣ   and lα  are given by Eq. (4) or Eq. (7), 
klm
klmε ε=  denotes the 
totally antisymmetric tensor with 123 1ε = .  
Now let us present several formulae useful for our future work. Let 0( , )a aµ = a  and 
0( , )b bµ = b  be two 4D vectors, but here the column matrix forms of a and b are denoted as 
( )TM 1 2 3a a a=a , ( )
T
M 1 2 3b b b=b , respectively. Let | |a = a , one can prove that,  
T
M M( )( ) i ( )⋅ ⋅ = ⋅ + ⋅ × −τ a τ b a b τ a b a b ,             (10) 
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0 0 T
2 2 M M( )( ) i ( ) ( )a b a b b a I
µ ν µ
µ ν µβ β ×= − − ⋅ × + ⋅ − + ⊗Σ a b α a b a b ,     (11) 
2 1 2( ) ( )l la+⋅ = ⋅a τ a τ , 2 2 2 2( ) ( )l la+⋅ = ⋅a τ a τ , 1, 2,...l = ,     (12) 
T
M M
2
( )exp( i ) cos i sin (1 cos )a a a
a a
⋅
± ⋅ = ± + −
a aa τa τ .          (13) 
Here we have left out the unit matrices 3 3I ×  and 6 6I ×  that are equivalent to 1. In fact, 
using Eqs. (9) and (13) one can prove Eq. (8). 
3. The (1,0) (0,1)⊕  description in curved spacetime 
Based on the (1,0) (0,1)⊕  spinor formalism, we will for the first time treat the photon 
field in curved spacetime by means of spin connection and the tetrad formalism, which is of 
great advantage to study the gravitational spin-orbit coupling of photons. In order to make 
our argument the more explicit as possible, it is helpful to present a self-contained and 
systematical argument, and then let us start from a brief review of the tetrad formalism. 
3.1 Brief review of tetrad formalism 
It is important to clarify the notations we are going to use in what follows. From now on, 
small Latin indices a, b, . . . will range from 0 to 3, and will be used to denote tensor indices 
in the flat tangent space (namely, they are indices labeling tensor representations of the 
local Lorentz group, raised and lowered by the Minkowski metric). The Greek indices μ, 
ν, . . . also will range from 0 to 3, but they will refer to tensor objects defined on the 
Riemann manifold (hence they transform covariantly under diffeomorphisms, and are raised 
and lowered by the Riemann metric).  
As a brief review of the tetrad formalism, we will just mention several key points. 
To locally characterize the geometry of a four-dimensional Riemann spacetime, one can 
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introduce a tetrad which is a set of axes 0 1 2 3{ , , , }a =η η η η η  attached to each point x
µ  of 
spacetime. We will choose an orthonormal tetrad, where the axes form a locally inertial 
frame at each point, so that the orthonormal tetrad forms an orthonormal basis in the local 
Minkowski space tangent to the Riemann spacetime at the given point xµ , and they are 
orthonormal with respect to the Minkowski metric abη  of the tangent manifold, i.e. they 
satisfy the condition a b abη⋅ =η η .  
The vierbein aV
µ  is defined to be the matrix that transforms between the tetrad frame 
and the coordinate frame (the tetrad index a comes first, then the coordinate index μ): 
a aV
µ
µ=η g , where the basis of coordinate tangent vectors 0 1 2 3{ , , , }µ =g g g g g  satisfy 
gµ ν µν⋅ =g g . The inverse vierbein 
aV µ  is defined to be the matrix inverse of the vierbein 
aV
µ , so that a aV V
ν ν
µ µδ= , 
b b
a aV V
µ
µ δ= , it follows that the coordinate metric is 
a b
abg V Vµν µ νη= .  
The tetrads aη  refer to axes that transform under local Lorentz transformations, while 
the coordinate tangent vectors µg  refer to axes that transform under general coordinate 
transformations. The indices on a coordinate vector or tensor were lowered and raised with 
the coordinate metric gµν  and its inverse g
µν , the indices on a tetrad vector or tensor are 
lowered and raised with the tetrad metric abη  and its inverse 
abη . 
   A 4-vector can be written in a coordinate- and tetrad- independent fashion as an abstract 
4-vector aa A A
µ
µ= =A η g ,  its tetrad and coordinate components are related by the 
vierbein: a aA V A
µ
µ= , 
a
aA V Aµ µ= . The scalar product of two 4-vectors may be A and B 
may be written variously: aaA B A B
µ
µ⋅ = =A B  . 
A coordinate vector Aµ  (with a Greek index called curved index) does not change 
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under a tetrad transformation (i.e., a local Lorentz (tangent-space) transformation), and is 
therefore a tetrad scalar; A tetrad vector aA  (with a Latin index called flat index) does not 
change under a general coordinate transformation, and is therefore a coordinate scalar. The 
vierbeins transform as general-covariant vectors with respect to their curved index, and as 
Lorentz vectors with respect to the flat index:  
b
a a a b
xV V Λ V
x
µ
µ µ ν
ν
′∂′→ =
∂
.                    (14) 
Directed derivatives ae  are defined to be the directional derivatives along the axes aη :  
a a a aV
µ µ
µ µ= ⋅∂ = ⋅ ∂ = ∂e η η g .                  (15) 
Obviously, ae  is a tetrad 4-vector. Unlike coordinate derivatives x
µ
µ∂ = ∂ ∂ , directed 
derivatives ae  do not commute, their commutator is  
[ , ] [ , ] [ ( ) ( )] ca b a b a b b a ab cV V V V V V C
µ ν ν µ ν µ
µ ν ν ν µ= ∂ ∂ = ∂ − ∂ ∂ ≡e e e .     (16) 
Let dabc dc abC Cη=  , using Eq. (16), c cV
µ
µ= ∂e  and 
b b
a aV V
µ
µ δ= , one has:   
[ ( ) ( )]d dabc dc ab dc a b b aC C V V V V V
ν µ ν µ
µ ν νη η= = ∂ − ∂ .          (17) 
In a word, the equivalence principle requires local spacetime structure be identified with 
Minkowski spacetime possessing Lorentz symmetry. In order to relate local Lorentz 
symmetry to curved spacetime, one need to solder the local (tangent) space to the external 
(curved) space. The soldering tools are tetrad fields, and one can use the tetrad formalism to 
treat spinor fields in general relativity. To do so, one can construct a vierbein field ( )aV x
µ  
at every point in spacetime, it is a set of four orthonormal vectors which defines a frame, 
and because of the equivalence principle this frame can be made inertial at every point. 
Physical quantities have separate transformation properties in world space (with metric 
gµν ) and tangent space (with metric abη ). The vierbein field ( )aV x
µ  is a contravariant 
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vector in world space and a covariant vector in tangent space.  
3.2 Tetrad covariant derivative in Dirac-like equation 
The geometric description of gravity has been developed using the notions of 
Riemannian metric g and Christoffel connection Γ, where the curvature of the spacetime 
manifold, its dynamical evolution, and its interaction with the matter sources has been 
described in terms of differential equations for the variables g and Γ . On the other hand, 
there has been an alternative (but fully equivalent) approach to the description of a 
Riemannian manifold based on the notions of vierbein V and Lorentz connection (also 
called spin connection) Ω [8]. This alternative language is particularly appropriate to embed 
spinor fields in a curved spacetime. This alternative geometric formalism naturally leads to 
the formulation of general relativity as a gauge theory for a local Lorentz group, thus 
putting gravity on the same footing of the other fundamental interactions.  
A general-covariant geometric model, adapted to a curved space–time manifold, must 
be locally Lorentz invariant if referred to the tangent-space manifold described by the 
vierbein formalism. The generic transformation of the proper orthochronous Lorentz group 
can be represented by Eq. (8), in terms of the present the notations, it is: 
( ) exp( i 2)ababL Λ Sω= − .                 (18) 
The six generators ab baS S= −  satisfy the Lie algebra of SO(3, 1):  
i[ , ]ab cd bc ad ac bd db ca da cbS S S S S Sη η η η= − + − .         (19) 
In order to restore the symmetry for local transformations with ( )ab ab xω ω= , we must 
associate the six generators abS  with six independent gauge vectors, i.e., the Lorentz 
connection (or spin connection) Ωµ ,  
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2 2ab abab abΩ Ω S Ω Sµ µ µ= = , 
ab baΩ Ωµ µ= − ,          (20) 
and introduce a Lorentz covariant derivative defined by: 
i i 2ab abD Ω Ω Sµ µ µ µ µ= ∂ − = ∂ −  .                (21) 
The tetrad-frame formulae look entirely similar to the coordinate-frame formulae, with the 
replacement of coordinate partial derivatives by directed derivatives, ax
µ
µ∂ = ∂ ∂ → e , and 
the replacement of coordinate-frame connections by tetrad-frame connections. Using Eqs. 
(15) and (21), one can show that the tetrad-frame spin connection is  
i 2bca a a bcaD V D Γ S
µ
µ= = −e ,                (22) 
where bca a bcΓ V Ω
µ
µ= . Both bcaΓ  and 
abΩ µ  are called the connection coefficients. In 
terms of dabc dc abC Cη=  defined by Eqs. (16) and (17), one can express the connection 
coefficients bcaΓ  as  
( ) 2bca bca cab abcΓ C C C= − + − .                (23) 
Using Eqs. (16) and (17) one can calculate bcaΓ  via Eq. (23). 
3.3 Dirac-like equation in Schwarzschild metric 
As for the photon field in the (1,0) (0,1)⊕  description, the infinitesimal generators 
satisfying the Lie algebra given by Eq. (19) are given by Eq. (9). The Dirac-like equation in 
flat Minkowski spacetime is invariant under arbitrary global Lorentz transformations. 
Within the framework of general relativity, the Dirac-like equation in flat Minkowski 
spacetime should be replaced by the one in a curved spacetime, such that the resulting 
equation is invariant under local Lorentz transformations. According to the discussions 
above, using the covariant derivative aD  given by Eq. (22), one can express the Dirac-like 
equation in a curved spacetime as: 
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i ( ) i ( i 2) ( ) 0a a bca a bcaD x Γ S xβ ψ β ψ= − =e ,            (24) 
where aβ ’s are given by Eq. (4) or Eq. (7), and abS ’s are given by Eq. (9). For the 
moment, the photon field ( )xψ  transforms like a scalar with respect to ‘world’ 
transformations, but the (1,0) (0,1)⊕  spinor of the group SL(2, C) in tangent space.  
From now on we will focus on the special case of the Schwarzschild metric. Outside a 
Schwarzschild black hole of mass M, the standard form of the Schwarzschild metric is 
2 2 1 2 2 2 2 2d (1 )d (1 ) d (d sin d )s ss r r t r r r r θ θ φ
−= − − + − + + ,       (25) 
where 2sr M=  is the Schwarzschild radius of the black hole. For the convenience of 
calculating in our framework, we will rewrite Eq. (25) in the isotropic coordinates. To do so, 
one can introduce a new radial coordinate [9] 
2( 2 ) 2s sr r r r rρ = − + − , or 
2(1 4 )sr rρ ρ= + ,         (26) 
which implies that 4srρ →  for sr r→ , and the Schwarzschild metric reads: 
2 2 2 2 4 2 2 2
1 2 3d (1 4 ) (1 4 ) d (1 4 ) (d d d )s s ss r r t rρ ρ ρ ρ ρ ρ
−= − − + + + + + ,    (27) 
where the variables 1ρ , 2ρ  and 3ρ  are defined by 1 sin cosρ ρ θ φ= , 2 sin sinρ ρ θ φ= , 
3 cosρ ρ θ= , respectively. Eq. (27) can be written in the following form: 
2 2 2 2 2 2 2 2 2
0 1 1 2 2 3 3d d d d ds a t a x a x a x= − + + + .                   (28) 
Let ( , )x tµ = x  with 0x t= , 1 2 3( , , )ρ ρ ρ= =x ρ , ρ = ρ , and  
 10 (1 4 )(1 4 )s sa r rρ ρ
−= − + , 21 2 3 (1 4 )sa a a a r ρ= = = = + .      (29) 
Eq. (27) is the so-called isotropic form of the metric in Schwarzschild spacetime, the 
gradient operator 1 2 3( , , )∇ = ∂ ∂ ∂  is defined by 
l
l ρ∂ = ∂ ∂ , 1, 2,3l = . 
To apply the connection coefficients in an orthonormal basis, let us rewrite Eq. (28) as  
2 0 2 1 2 2 2 3 2d ( ) ( ) ( ) ( )s = − + + +θ θ θ θ ,              (30) 
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where 0 0a t=θ d , 
l l
la x=θ d  ( 1, 2,3l = ) with diag( 1,1,1,1)gµν µνη= = −  form an 
orthonormal basis, For the moment, we do not distinguish between tensor indices in the flat 
tangent space and those in Riemannian spacetime, and denote them by the Greek indices 
uniformly. The dual basis of a xµ µµ=θ d  is  
1 1a x aµµ µ µ µ
− −= ∂ ∂ = ∂e , 0,1, 2,3µ = .            (31) 
In the dual vector space Eqs. (16) and (17) become: 
[ , ] C µκ λ κλ µ=e e e , C C
µ
κλν µν κλη= ,                (32) 
Likewise, in the orthonormal basis with with diag( 1,1,1,1)gµν µνη= = − , the connection 
coefficients given by Eq. (23) can be rewritten as  
( ) 2Γ C C Cκ λµ κλµ λµκ µκλ= − + − .                 (33) 
In the Schwarzschild spacetime, the Dirac-like equation Eq. (24) can be rewritten as 
i ( i 2) ( ) 0S xµ κλµ κ λµβ ψ− Γ =e .                   (34) 
Using Eqs. (28), (31) and (32), one can prove that ( , 1, 2,3l m =  and l m≠ ) 
1
0 0 00 0lnl l l lC C a a
−= − = − ∂ , 1 lnlmm mlm l l mC C a a
−= − = − ∂ ,          (35) 
with the others vanishing. Using Eqs. (33) and (35), seeing that S Sµν νµ= −  and 
C Cκλν λκν= − , one can prove that (see Appendix A) 
0 0 1 2 12 1 3 13 1
0 1 1 2 1 1 3
1 21 1 3 23 1 1 31 1 2 32 1
2 2 1 2 2 3 3 3 1 3 3 2
2 ln ln ln
    ln ln ln ln
l
l lS S a a S a a S a a
S a a S a a S a a S a a
µ κλ
κ λµβ β β β
β β β β
− − −
− − − −
Γ = − ∂ + ∂ + ∂
+ ∂ + ∂ + ∂ + ∂
.  (36) 
Substituting Eqs. (31) and (36) into Eq. (34), one can obtain 
1 0 1 1 0 10 2 12 3 31
0 0 1 1 1 0 1 2 1 3
1 2 0 20 3 23 1 12
2 2 2 0 2 3 2 1
1 3 0 30 1 31 2 23
3 3 3 0 3 1 3 2
i [i ln ln ln ]
[i ln ln ln ]
[i ln ln ln ] 0
a a S a S a S a
a S a S a S a
a S a S a S a
β ψ β β β β ψ
β β β β ψ
β β β β ψ
− −
−
−
∂ + ∂ − ∂ + ∂ − ∂
+ ∂ − ∂ + ∂ − ∂
+ ∂ − ∂ + ∂ − ∂ =
.    (37) 
Note that Eq. (37) is not only valid for the photon field (the Dirac-like field in our 
formalism), but also for the massless Dirac field (for the moment µ µβ γ=  are the Dirac 
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matrices satisfying 2µ ν ν µ µνγ γ γ γ η+ = −  and i[ , ] 4S µν µ νγ γ= , see Appendix A). 
Using Eq. (4) or Eq. (7), [ , ] il m lmn nτ τ ε τ= , one can prove that 
il m m l lmn nΣ Σβ β ε β− = , i
l m m l lmn
nΣ Σβ β ε β− = .         (38) 
Using Eqs. (9) and (38), 0 l lβ α β= , one can show that Eq. (37) becomes 
1 0 1 1 1 2
0 0 1 1 1 0 2 2 2 2 0 3
1 3 1 3 2
3 3 3 0 1 1 1 2 3
1 1 3 1 2 1
2 2 3 1 3 3 1 2
i i [ ( ln )] i [ ( ln )]
i [ ( ln )] [ ln( )]
[ ln( )] [ ln( )] 0
a a a a a a a
a a a a Σ a a
a Σ a a a Σ a a
β ψ β ψ β ψ
β ψ β ψ
β ψ β ψ
− − −
− −
− −
∂ + ∂ + ∂ + ∂ + ∂
+ ∂ + ∂ + ∂
+ ∂ + ∂ =
.   (39) 
Substituting Eq. (29) into Eq. (39) and using Eq. (38), one has 
0
0i i ( ) ( ) 0
l
l lΠ xβ η ψ β ψ∂ + ∂ + = ,         (40) 
where  
1 1 3
0 (1 4 ) (1 4 )s sa a r rη ρ ρ
− −= = − + ,          (41) 
ln ln(1 4 )(1 4 )s sr rϖ ρ ρ= ∇ = ∇ − +Π ,       (42) 
2 2 2
0( ) (1 4 ) (1 4 )s sa a r rϖ ρ ρ= = − + .          (43) 
Let 1 2ψ ϖ ϕ−= , 0 tη′∂ = ∂ ∂ , 0 0( , ) ( , )lµ η′ ′∂ = ∂ ∇ = ∂ ∂ , Eq. (40) can be rewritten as 
i 0µ µβ ϕ′∂ = .                      (44) 
According to the tetrad formalism, the metric tensor for Riemannian spacetime transforms 
like a scalar with respect to Lorentz transformations in tangent space. As a result, 10a aη
−=  
and 20( )a aϖ =  are two Lorentz scalars in the local Minkowski spacetime. To guarantee Eq. 
(40) be Lorentz covariant in the local Minkowski spacetime, the constraint conditions 
should be taken as 
( ) 0∇+ ⋅ =Π E , ( ) 0∇+ ⋅ =Π H .             (45) 
It follows from 1 2ψ ϖ ϕ−=  that ϕ  is formed by 1 2ϖ′ =E E  and 1 2ϖ′ =H H , in the 
same way as ψ  being formed by E  and H . In terms of ′E  and ′H  Eq. (45) can be 
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rewritten as 
0′ ′∇ ⋅ = ∇ ⋅ =E H .                 (46) 
Let  
1 3ln ln (1 4 ) (1 4 )s sr rη ρ ρ
−= ∇ = ∇ − +Λ .        (47) 
Let ( , )f f t= ρ  be a function, using 0 tη′∂ = ∂ ∂ , 2η η∇ = Λ , one can obtain that 
0 0 02f f f′ ′ ′∇∂ − ∂ ∇ = ∂Λ , f f∇× = − ×∇Λ Λ , 0 0f f′ ′∂ = ∂Λ Λ .   (48) 
0 0f f∂ = ∂Π Π , f f∇× = − ×∇Π Π .              (49) 
It is difficult to solve the exact solutions of Eq. (40) or Eq. (44). However, for our 
purpose, we will just study a special case in next section.  
4. Gravitational spin-orbit interaction of the photon field 
There is no unique vacuum sate in a general spacetime, and then all of our discussions 
will be presented from the point of view of a distant observer with respect to the 
Schwarzschild black hole. Many investigations on the trajectories of light in the 
Schwarzschild metric have been presented [10, 11], and people concluded that there is no 
stable circular photon orbit in the Schwarzschild geometry [12]. According to the traditional 
theory, the radius of the circular photon orbit in the Schwarzschild metric given by Eq. (27) 
is 3 2 3sr r M= = . On the other hand, to study a splitting of energy levels in some 
complicated cases, people always resort to the expressions of frequency (or dispersion 
curves), which is also our research approach in what follows.  
To study the effect of gravitational spin-orbit coupling on the circular photon orbit, let 
us substitute ( )T2 iϕ ′ ′= E H  into Eq. (44), using Eq. (46) one has 
( ) i tη′ ′⋅∇ = ∂τ H E , ( ) i tη′ ′⋅∇ = − ∂τ E H .           (50) 
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The column-matrix form of 1 2 3( , , )∇ = ∂ ∂ ∂  with l lρ∂ = ∂ ∂  ( 1, 2,3l = ) is denoted as 
( )T1 2 3= ∂ ∂ ∂λ , it follows from Eq. (46) that 
T T 0′ ′= =λλ E λλ H .                 (51) 
Rewriting Eq. (47) as 
1 3ln (1 4 ) (1 4 )s sr r Λρ ρρ ρ
−= ∇ − + =Λ e ,         (52) 
where ρ ρ=e ρ , and 
2
3 1[ ]
8 (1 4 ) (1 4 )
s
s s
r
Λ
r rρ ρ ρ ρ
= − +
+ −
.              (53) 
Let ,f ′ ′= E H , using 2η η∇ = Λ  and Eqs. (10), (50), (51), one can obtain that 
2 2 2 2 2i ( )t f f f fη ∂ = ∇ − ⋅∇ − ⋅ ×∇Λ τ Λ .           (54) 
The last term on the right-hand side of Eq. (54) represents the spin-orbit coupling. Let 
exp( i )f F tω= −  with 0ω > , Eq. (54) gives  
2 2 22 2i ( ) 0F F F Fη ω∇ − ⋅∇ − ⋅ ×∇ + =Λ τ Λ ,         (55) 
Seeing that 1 sin cosρ ρ θ φ= , 2 sin sinρ ρ θ φ= , 3 cosρ ρ θ= , let us define 
1 2 3
1 2 3
1 2
sin cos sin sin cos
cos cos cos sin sin
sin cos
ρ
θ
φ
τ τ θ φ τ θ φ τ θ
τ τ θ φ τ θ φ τ θ
τ τ φ τ φ
= + +

= + −
 = − +
.             (56) 
For the moment Eq. (55) can be rewritten as 
2
2
2 2 2 2 2
2 2
1 1 1( ) (sin )
sin sin
1 1     2 2i ( ) 0
sin
F F F
F F FF Λ Λρ ρ φ θ
ρ θ
ρ ρ ρ ρ θ θ θ ρ θ φ
η ω τ τ
ρ ρ θ ρ θ φ
∂ ∂ ∂ ∂ ∂
+ +
∂ ∂ ∂ ∂ ∂
∂ ∂ ∂
+ − − − =
∂ ∂ ∂
.      (57) 
Let exp(i )F mζ φ= , where m is actually an integer (it plays the role of the quantum 
number of orbital angular momentum). For circular motion in the equatorial plane one has 
π 2θ =  and ρ=constant (i.e., r=constant), such that 0ρ θζ ζ∂ = ∂ =  and 3θτ τ= −  (see Eq. 
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(56)), Eq. (57) becomes 
1 2 2 2 2
3(2 ) 0m Λ mρρ τ η ω ρ ζ
− −+ − = .              (58) 
The nonzero-solution conditions of Eq. (58) imply that (where 2 2 2 2mη ω ρ−= , related to the 
longitudinal polarization solution, is discarded) 
2
2
2 2 2
2m m
Λρω η ρ η ρ
= ± .                (59) 
The second term on the right-hand side of Eq. (59) comes from the contribution of the 
spin-orbit coupling interaction. To gain some insights into Eq. (59), let us take the radius of 
the circular photon orbit as the traditional one (i.e., 3 2sr r= ), approximately, using Eqs. 
(26), (41) and (53), one has  
 (2 3) 4srρ = + , 12 3 18η = − , 2(2 3) sΛ rρ = − − .    (60) 
Substituting Eq. (60) into Eq. (59), one has 
2
2 2
2 2 2
4 4 4( 1)
27 27 27s s s
m mm m
r r r
ω ω±≡ = ± = ± ,            (61) 
where 24 ( 1) 27 sm m rω+ = +  and 
24 ( 1) 27 sm m rω− = −  represent the energies of photons 
with the spin projections of 1± , respectively. The second term on the right-hand side of Eq. 
(61) represents the contribution from the gravitational spin-orbit coupling, without which 
Eq. (61) would become the result from the traditional theory (see later). In view of the fact 
that ω ω+ −≠ , the spin-orbit coupling interaction induces a splitting of energy levels. 
Actually, once the gravitational spin-orbit coupling is taken into account, the radius of 
the circular photon orbit is no longer 3 2 3sr r M= = . To show this, let us pause to review 
the traditional theory. Let σ be an affine parameter along the geodesic ( )xµ σ . For photon 
moving in the equatorial plane of the Schwarzschild geometry (such that π 2θ = ), one can 
obtain the ‘energy’ equation for photon orbits [12] 
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2
2 2
2
d( ) ( ) (1 )
d
srr hr
r r
ω
σ
= + − ,                  (62) 
In Eq. (62) the quantities ω and h are two constants, and they are defined as, respectively 
d(1 )
d
sr t
r
ω
σ
= − , 2 d
d
h r φ
σ
= .                 (63) 
From the point of view of a distant observer (an observer at rest at infinity), ω is the total 
energy of a photon in its orbit, and h equals the orbit angular momentum of the photon. For 
motion in a circle r is a constant, Eq. (62) becomes   
2
2
eff 2( ) (1 )
srhV r
r r
ω = = − ,                  (64) 
where eff ( )V r  is an effective potential (as compared with the definition of eff ( )V r  in Ref. 
[12], Eq. (64) has a additional multiplication factor 2h ). Because eff ( )V r  has a single 
maximum at 3 2sr r=  (i.e., the traditional radius of the circular photon orbit), the circular 
photon orbit is not a stable one. Substituting 3 2sr r=  into Eq. (64) one has 
2
2
eff 23 2
4( )
27s sr r
hV r
r
ω == = .                    (65) 
Note that h plays the role of the orbital angular momentum (likewise, in units 1c= = , the 
quantum number m is also the orbital angular momentum itself). Eq. (59) can be regarded as 
the quantum-mechanical (semi-classical) counterpart of Eq. (64), with the correspondence 
of m h↔ , and the relation between r and ρ is given by Eq. (26).  
Now, using Eqs. (41) and (53) we rewrite Eq. (59) as  
2
2
2 6
(1 4 ) 3( ) [ ( )]
(1 4 ) 4 4
s s s
s s s
m r r rm
r r r
ρ
ω ρ
ρ ρ ρ ρ+
−
= − +
+ + −
.          (66) 
2
2
2 6
(1 4 ) 3( ) [ ( )]
(1 4 ) 4 4
s s s
s s s
m r r rm
r r r
ρ
ω ρ
ρ ρ ρ ρ−
−
= + +
+ + −
.          (67) 
Starting from 2d d 0ω ρ± =  one can obtain two quartic equations about ρ  (Eq. (26) 
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implies that 4srρ > ), each of them gives only one meaningful solution. As an example, 
let 1sr = , 2m = , Eq. (26) implies that the traditional radius of 3 2 1.5sr r= =  
corresponds to the unique value  
0 (2 3) 4 0.933ρ ρ= = + ≈ .                 (68) 
In contrast with Eq. (68), when we take into account the gravitational spin-orbit coupling, 
substituting 1sr =  and 2m =  into 
2d d 0ω ρ+ = , we obtain that 
 3 264 112 40 3 0ρ ρ ρ− + − = ⇒ 01.295 0.933ρ ρ+ ≈ > ≈ .    (69) 
Likewise, substituting 1sr =  and 2m =  into 
2d d 0ω ρ− = , one can obtain that 
 4 3 2128 32 80 22 1 0ρ ρ ρ ρ− − + − = ⇒ 00.783 0.933ρ ρ− ≈ < ≈ .    (70) 
Therefore, without the gravitational spin-orbit coupling, the radius of the circular photon 
orbit satisfies 0 (2 3) 4srρ = +  (corresponding to 3 2sr r= ); once the gravitational 
spin-orbit coupling is taken into account, the radiuses of circular photon orbits satisfy 
0ρ ρ+ >  and 0ρ ρ− < , for the photons with the helicities of 1± , respectively, which is due 
to the fact that the spin-orbit coupling induces a splitting of energy levels. 
Moreover, similar to the fact that 2 eff ( )V rω =  given by Eq. (64) is an effective 
potential, 2 ( )ω ρ±  given by Eqs. (66) and (67) are two effective potentials including the 
contributions from the spin-orbit coupling. The fact of 2 2( ) ( )ω ρ ω ρ+ −≠  (or equivalently, 
0ρ ρ+ >  and 0ρ ρ− < ) implies that the photons with the same initial velocities but different 
helicities would have different probabilities of escaping from a Schwarzschild black hole (it 
is not necessary for us to know how much the probabilities are).  
5. Conclusions 
It is advantageous to study the spin-orbit interaction of the photon field based on the 
(1,0) (0,1)⊕  description, which is due to the fact that, it is impossible to construct a vector 
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field for massless particles of helicity 1±  [2, 3], while the (1,0) (0,1)⊕  spinor of the 
group SL(2, C) exhibits simpler Lorentz transformation properties than (1/2, 1/2) 
four-vector, and it can form the eigenstates of helicity 1± .  
By means of the (1, 0)⊕(0, 1) description of the photon field, one can treat the photon 
field in curved spacetime by means of spin connection and the tetrad formalism, which is of 
great advantage to study the gravitational spin-orbit coupling of photons. We have studied 
the effect of gravitational spin-orbit coupling on the circular photon orbit outside a 
Schwarzschild black hole, and have reached the following conclusions: 1) once the 
gravitational spin-orbit coupling is taken into account, the traditional radius of the circular 
photon orbit will be replaced with two different radiuses corresponding to the photons with 
the helicities of 1± , respectively, which is due to the fact that the gravitational spin-orbit 
coupling induces a splitting of energy levels; 2) outside a Schwarzschild black hole, when 
photons (from Hawking radiations, for example) have the initial velocities with 
nonvanishing tangential components, because of the splitting of energy levels induced by 
the gravitational spin-orbit coupling, the photons with the same initial velocities (i.e., initial 
wavenumber vectors) but different helicities would have different probabilities of escaping 
from the Schwarzschild black hole (it is not necessary for us to know how much the 
probabilities are), which implies that the photons escaping from the Schwarzschild black 
hole are partially polarized, rather than completely disorder. 
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Appendix A Derivations of Eqs. (35)-(37) 
In the orthonormal basis with diag( 1,1,1,1)gµν µνη= = − , 1c G= = = , the dual basis 
of a xµ µµ=θ d  is given by Eq. (31), i.e., 
1 1
0 0 0 0a t a
− −= ∂ ∂ = ∂e , 1 1ll l l la x a
− −= ∂ ∂ = ∂e  , 1, 2,3l = .         (a1) 
Using C Cµµν κλ κλνη = , 
0
0C Cκλ κλ= − , 
l
lC Cκλ κλ= , it follows from [ , ] C
µ
κ λ κλ µ=e e e  that 
( , , 1, 2,3l m n = ): 
(1). Owing to [ , ] 0λ λ =e e , one has 
0Cλλµ = , , 0,1, 2,3µ λ = .                  (a2) 
(2). Owing to 1 10 0 0 0 0 0 0[ , ] [ , ] ( ln ) ( ln )l l l l l l lC a a a a
µ
µ
− −= − = = − ∂ + ∂e e e e e e e , one has 
1
0 0 0 0( ln ) 0ll l l lC C a a
−= − = − ∂ = , 10 0 00 0( ln )l l l lC C a a
−= − = − ∂ .    (a3) 
(3). For l m≠ , one has 1 1[ , ] [ , ] (ln ) ( ln )l m m l lm l l m m m m l lC a a a a
µ
µ
− −= − = = − ∂ + ∂e e e e e e e , i.e.,  
1 (ln )lmm mlm l l mC C a a
−= − = − ∂ , 1( ln )lml mll m m lC C a a
−= − = ∂ , they are equivalent, then  
1 (ln )lmm mlm l l mC C a a
−= − = − ∂ .                      (a4) 
(4). The cases (2) and (3) also imply that  
0 0 0lm l mC C= − = , 0lmn mlnC C= − = , l m n≠ ≠ .           (a5) 
The statements (1)-(4) exhaust all cases, they together give Eq. (35).  
Using Eq. (33), one has 2 ( ) 2S C C C Sµ κλ µ κλκ λµ κλµ λµκ µκλβ βΓ = − + − , that is 
0 1
0 0 0 1 1 1
2 3
2 2 2 3 3 3
2 ( ) 2 ( ) 2
                      ( ) 2 ( ) 2
S C C C S C C C S
C C C S C C C S
µ κλ κλ κλ
κ λµ κλ λ κ κλ κλ λ κ κλ
κλ κλ
κλ λ κ κλ κλ λ κ κλ
β β β
β β
Γ = − + − − + −
− + − − + −
.   (a6) 
Using Eq. (35) and S Sκλ λκ= − , one has 
0
0 0 0
0 0 0 0
00 00 0 0 0 0 00 00
0 0 1
0
( ) 2
( ) 2 ( ) 2
ln
l l
l l l l l l
l
l l
C C C S
C C C S C C C S
S a a
κλ
κλ λ κ κλβ
β β
β −
− + −
= − + − − + −
= − ∂
,     (a7) 
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1
1 1 1
1 1 1 1
1 1 11 11 1 1
1 1 1 1 21 1 1 31 1
1 2 2 1 3 3 1
( ) 2
( ) 2 ( ) 2
ln ln ln
n n
n n n n
n
n n
C C C S
C C S C C S
S a a S a a S a a
κλ
κλ λ κ κλβ
β β
β β β− − −
− + −
= − + − −
= ∂ = ∂ + ∂
,         (a8) 
2
2 2 2
2 2 2 2
2 2 22 22 2 2
2 2 1 2 12 1 2 32 1
2 1 1 2 3 3 2
( ) 2
( ) 2 ( ) 2
ln ln ln
n n
n n n n
n
n n
C C C S
C C S C C S
S a a S a a S a a
κλ
κλ λ κ κλβ
β β
β β β− − −
− + −
= − + − −
= ∂ = ∂ + ∂
,         (a9) 
3
3 3 3
3 3 3 3
3 3 33 33 3 3
3 3 1 3 13 1 3 23 1
3 1 1 3 2 2 3
( ) 2
( ) 2 ( ) 2
ln ln ln
n n
n n n n
n
n n
C C C S
C C S C C S
S a a S a a S a a
κλ
κλ λ κ κλβ
β β
β β β− − −
− + −
= − + − −
= ∂ = ∂ + ∂
.         (a10) 
Substituting (a7)-(a10) into (a6), one can obtain Eq. (36), i.e., 
0 0 1 2 12 1 3 13 1
0 1 1 2 1 1 3
1 21 1 3 23 1 1 31 1 2 32 1
2 2 1 2 2 3 3 3 1 3 3 2
2 ln ln ln
    ln ln ln ln
l
l lS S a a S a a S a a
S a a S a a S a a S a a
µ κλ
κ λµβ β β β
β β β β
− − −
− − − −
Γ = − ∂ + ∂ + ∂
+ ∂ + ∂ + ∂ + ∂
.  (a11) 
Consider that 
1 0 1 1 1 2 1 3
0 0 1 1 2 2 3 3i i i i ie a a a a
µ
µβ ψ β ψ β ψ β ψ β ψ
− − − −= ∂ + ∂ + ∂ + ∂ ,    (a12) 
substituting (a11) and (a12) into i ( ) ( 2) ( ) 0e x S xµ µ κλµ κ λµβ ψ β ψ+ Γ = , and using
S Sκλ λκ= − , one can obtian Eq. (37), i.e., 
1 0 1 1 0 10 2 12 3 31
0 0 1 1 1 0 1 2 1 3
1 2 0 20 3 23 1 12
2 2 2 0 2 3 2 1
1 3 0 30 1 31 2 23
3 3 3 0 3 1 3 2
i [i ln ln ln ]
[i ln ln ln ]
[i ln ln ln ] 0
a a S a S a S a
a S a S a S a
a S a S a S a
β ψ β β β β ψ
β β β β ψ
β β β β ψ
− −
−
−
∂ + ∂ − ∂ + ∂ − ∂
+ ∂ − ∂ + ∂ − ∂
+ ∂ − ∂ + ∂ − ∂ =
.   (a13) 
Note that Eq. (a13) (i.e., Eq. (37)) is valid for both the massless Dirac field and the photon 
field (i.e., the Dirac-like field). For example, let us discuss Eq. (a13) as follows: 
1). As ψ  represents the massless Dirac field, one has µ µβ γ= , where µγ ’s are the 
Dirac matrices satisfying 2µ ν ν µ µνγ γ γ γ η+ = −  and i[ , ] 4S µν µ νγ γ= , the matrix vectors 
of α  and Σ  are defined by 0γ=α γ  and 2 2I ×= ⊗Σ σ  (σ  is the Pauli matrix vector). 
Using 0 l lγ α γ= , 2lm lmn nS Σε= , 
0 i 2l lS α= − , and il m m l lmn nΣ Σγ γ ε γ= − = , Eq. (a13) 
becomes 
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1 0 1 1 1 2 3 3 2
0 0 1 1 1 0 1 2 1 3
1 2 2 3 1 1 3
2 2 2 0 2 3 2 1
1 3 3 1 2 2 1
3 3 3 0 3 1 3 2
1 1 1i [i i ln ln ln ]
2 2 2
1 1 1[i i ln ln ln ]
2 2 2
1 1 1[i i ln ln ln ] 0
2 2 2
a a a Σ a Σ a
a a Σ a Σ a
a a Σ a Σ a
γ ψ γ γ γ γ ψ
γ γ γ γ ψ
γ γ γ γ ψ
− −
−
−
∂ + ∂ + ∂ + ∂ − ∂
+ ∂ + ∂ + ∂ − ∂
+ ∂ + ∂ + ∂ − ∂ =
,     
which can be rewritten as 
 
1 0 1 1
0 0 1 1 1 0 2 3
1 2 1 3
2 2 2 0 1 3 3 3 3 0 1 2
i i [ ( ln )]
i [ ( ln )] i [ ( ln )] 0
a a a a a
a a a a a a a a
γ ψ γ ψ
γ ψ γ ψ
− −
− −
∂ + ∂ + ∂
+ ∂ + ∂ + ∂ + ∂ =
.    (a14) 
2). As ψ  represents the photon field (the Dirac-like field), µβ ’s are defined by Eq. (4) 
or Eq. (7), 0 l lβ α β= , for the moment using Eqs. (9) and (38), one can obtain Eq. (39), that 
is (for the convenience of comparing with Eq. (a14)),  
1 0 1 1 1 2
0 0 1 1 1 0 2 2 2 2 0 3
1 3 1 3 2
3 3 3 0 1 1 1 2 3
1 1 3 1 2 1
2 2 3 1 3 3 1 2
i i [ ( ln )] i [ ( ln )]
i [ ( ln )] [ ln( )]
[ ln( )] [ ln( )] 0
a a a a a a a
a a a a Σ a a
a Σ a a a Σ a a
β ψ β ψ β ψ
β ψ β ψ
β ψ β ψ
− − −
− −
− −
∂ + ∂ + ∂ + ∂ + ∂
+ ∂ + ∂ + ∂
+ ∂ + ∂ =
.   (a15) 
In fact, starting from Eq. (a14) and in an analogous manner, one can also study the 
gravitational spin-orbit coupling interaction of the massless Dirac field.  
